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Model reduction based on the Onsager variational principle

IR
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The Onsager principle is a fundamental law for irreversible processes in statistic
physics. It has been used to develop theoretical models for many problems in soft matter,
like the diffusion process, the dynamics of liquid crystal solution and the moving contact
line problems, etc. Recently, the variational principle has been used as an approximation
tool to derive reduced models for many complicated systems. In this talk, I will review
the key idea of the method and its applications in various problems. I will also present
some recent progress on applications the Onsager variational principle in numerical
analysis. We will show that the variational formulation makes it convenient to design
numerical schemes and to do numerical analysis.
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Recent Advances in Oscillation-Eliminating DG Methods for
Hyperbolic Systems

AL
P 7 RHOR

Discontinuous Galerkin (DG) methods provide a compact, high-order accurate
framework for hyperbolic conservation laws. However, high-order accuracy alone guar-
antees neither physical-constraint preservation nor entropy stability , and DG approxima-
tions may exhibit Gibbs-type spurious oscillations near discontinuities, including those
arising from smooth initial data. In this talk, we trace recent developments from the
oscillation-eliminating DG (OEDG) method through the convex oscillation-suppressing
(COS) DG method to the EPO-DG method, showing how oscillation suppression can
be progressively combined with bound preservation and entropy stability. Theoretical
analysis of OEDG for linear advection equations, including optimal error estimates
and superconvergence, as well as applications to general relativistic hydrodynamics
and the Allaire five-equation model with the Mie - Griineisen equation of state, will
also be discussed.

We further extend these ideas to central DG (CDG) methods, which evolve the
solution on staggered meshes and avoid the need for Riemann solvers. Starting with
the oscillation-eliminating CDG (OECDG) method, we exploit the staggered structure
to construct compact primal - dual OE damping. We then use Riemann-fan averages
to identify a common structure shared with DG methods and construct EPO-CDG to
achieve entropy stability, bound preservation, and oscillation suppression simultane-
ously. Unlike SBP-based DG approaches that rely on interface numerical fluxes, this
formulation establishes entropy stability in CDG without introducing such fluxes. Be-
yond the established optimal error estimates for CDG methods, we prove, to our knowl-
edge, the first superconvergence theorem for the baseline CDG scheme applied to linear
advection equations, laying the groundwork for future analysis of the proposed methods
and related CDG schemes.
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An efficient and stable diffusion generated method for
quadrilateral mesh generation in general domains

L334
B TR

We introduce a robust and computationally efficient framework for generating
high-quality quadrilateral meshes on general two-dimensional domains. The proposed
method computes cross fields by minimizing a modified, relaxed Ginzburg - Landau
energy functional. A key innovation is the extension of the original problem to a larger,
regular auxiliary domain, which transforms the primary computational procedure into
an iterative scheme comprising only two straightforward operations: global linear diffu-
sion via the Fast Fourier Transform (FFT) and point-wise normalization. This strategy
eliminates the conventional reliance on an intermediate triangular mesh or on solving
nonlinear optimization problems over the irregular domain. We present a rigorous theo-
retical proof that the iterative algorithm ensures unconditional monotonic decay of the
objective functional. Extensive numerical experiments demonstrate the method’s ro-
bustness across a wide spectrum of complex geometries, its substantial computational
efficiency afforded by the FFT-based diffusion, and its consistent production of high-
quality quadrilateral meshes. This work provides a reliable, theoretically sound alterna-
tive to established mesh generation techniques, with significant potential for impact in
practical scientific computing applications.
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Unconditional Optimal Error Estimates and
Energy Dissipation for a Projection Finite Element
Method for the Harmonic Map Flow

WS
B K

We propose and analyze a linearly implicit, mass-lumped finite element method for
the heat flow of harmonic maps into the unit sphere. The method consists of a linear pre-
dictor followed by a nodal projection and therefore preserves the unit-length constraint
exactly at all finite element nodes. On Cartesian tensor-product meshes consisting of
rectangles or cuboids, we establish optimal error estimates without any coupling con-
dition between the time step At and the mesh size A4: the method converges at the rate
O(At+h?) in[=(0,T;L?). To the best of our knowledge, such optimal-order estimates
without coupling Az and 4 have not previously been available for fully discrete finite
element methods that approximate the full vector-valued problem while enforcing the
unit-length constraint exactly at every node. On the same meshes, the nodal projection is
nonexpansive in the discrete Dirichlet energy induced by the quadrature-based stiffness
form; combined with the predictor energy estimate, this yields an unconditional discrete
energy dissipation law. The scheme is based on a cross-product reformulation of the
equation and can be reformulated as either a mass-lumped discretization of the original
formulation with a correction term enforcing nodal orthogonality or the corresponding
mass-lumped normalized tangent-plane scheme. Numerical experiments confirm the
predicted convergence rate and the discrete energy decay.
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A Reynolds-Semi-Robust, Globally Divergence-Free
E-HDG/IMEX-SAV Method for Variational Initial-State
Data Assimilation of the Navier-Stokes Equations

a2

PO 2 2

This paper develops an embedded-hybridized discontinuous Galerkin (E-HDG)
method combined with a first-order implicit-explicit scalar auxiliary variable (IMEX-
SAV) time discretization for variational initial-state data assimilation governed by
the unsteady incompressible Navier-Stokes equations. We adopt an optimize-then-
discretize strategy. The spatial discretization uses discontinuous piecewise polynomials
of degrees k and k — 1 for the element velocity and pressure, respectively, a continu-
ous degree-k velocity trace, and a discontinuous degree-k pressure trace. The resulting
state and adjoint velocities, as well as the reconstructed initial velocity, are globally
divergence-free. The forward IMEX-SAV state scheme is unconditionally energy sta-
ble. Under suitable regularity and local-trajectory assumptions whose bounds introduce
no explicit negative powers of the viscosity, the mesh-dependent condition At < h?, and
a contractivity condition on the Tikhonov parameter, we establish local existence and
uniqueness of the fully discrete OTD optimality system and Reynolds-semi-robust L2
error estimates of order O(h* + At) for the state, adjoint and reconstructed initial ve-
locities; the constants contain no explicit negative powers of the viscosity. Numerical
experiments confirm convergence on smooth tests and demonstrate machine-precision
discrete incompressibility, effective nonlinear-solver behavior, and stable performance
in small-viscosity regimes.

MAEN WA, R TEIAS, #AFRXIFNELE, ZERT RIS
7 A2 w A R [F AL AR AT VE A IR T %

15



A linear dual-field finite element method for incompressible
MHD, part I: cross-helicity and Alfvénic alignment in
periodic domains

A
YN

Cross helicity, together with total energy, determines the Elsédsser energies and thus
quantifies departures from Alfvénic alignment in incompressible MHD. We construct a
linear finite element method for periodic domains that reproduces the cross-helicity bal-
ance. We connect the discrete energy and cross-helicity conservation laws to Alfvénic
alignment through a nonnegative Elsdsser-energy representation, establishing preserva-
tion of the corresponding exact relation when either Elsdsser energy is initially zero
in the unforced ideal case. We reassign the two discrete approximations of the mag-
netic field to the integer and half-integer time levels and modify the Lorentz-induction
couplings. The resulting scheme uses linear staggered updates and retains the energy
balances, strong and weak divergence-free properties, and magnetic- and fluid-helicity
balances. Numerical experiments illustrate the role of the cross-helicity balance in pre-
serving an aligned state in the ideal case and in alignment dynamics under weak dissi-
pation.
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Semidefinite Relaxations and Variable Fixing for Sparse
Quadratic Programs

e
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Sparse quadratic optimization arises in applications such as sparse regression, port-
folio selection, and feature selection, where only a limited number of variables can be
nonzero. These problems are challenging because of the combinatorial sparsity con-
straint and the potentially nonconvex objective. Strong lower bounds and effective
problem reduction are therefore essential for global optimization. In this talk, I will
present a framework that combines semidefinite relaxation, efficient computation, and
safe presolving for sparse quadratic programs. I will introduce a sparsity-cone formula-
tion that provides strong lower bounds through a compact semidefinite relaxation, and
describe a low-rank augmented Lagrangian method for solving it. I will then show how
information from the relaxation can certify that certain variables must be zero at opti-
mality and exclude support patterns that cannot contain an optimal solution. Numerical
experiments will illustrate the strength of the relaxation, the scalability of the algorithm,
and the benefits of these certificates for mixed-integer optimization. This is joint work
with Thai P.D. Nguyen, Kim-Chuan Toh, and Guanyi Wang.
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A unified framework for high-order mimetic difference
methods and its application to the grad-div acoustic
eigenvalue problem

ER
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We introduce a unified analytical framework for high-order mimetic difference
schemes for a broad class of partial differential equations. The core of the framework
lies in an operator decomposition technique that systematically characterizes the rela-
tionship between high-order and second-order mimetic operators. A central feature of
the framework is the construction of a mimetic de Rham complex that forms an exact
sequence and commutes with the corresponding continuous de Rham complex, taking
vital importance in preserving physical structures. Building on this structure-preserving
formulation, we establish theoretical estimates for a variety of model problems, both
showing a priori error estimate and proving the structure preservation. Finally, we pro-
pose the application of the mimetic difference method for the grad-div acoustic eigen-
value problem. We apply a mimetic difference discretization and utilize the exactness of
the mimetic de Rham complex to design a curl-curl type kernel compensation operator
to effectively manage the infinite-dimensional kernel of the grad-div operator. We also
design the preconditioner to achieve high-efficiency computation.
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A robust multigrid method for high wavenumber Helmholtz
problems via ray equation correction

W
RIS 5 R GRS B

We develop a ray-equation correction multigrid (RECMG) method for finite ele-
ment discretizations of the two-dimensional Helmholtz equation with a positive constant
wavenumber and impedance boundary conditions. The central idea is to represent a near-
nullspace oscillatory error as e(x) = a(x)e™*, thereby transforming it into the slowly
varying, low-frequency amplitude a, which is corrected through the associated ray equa-
tion. Under the stated geometric and regularity assumptions, and provided that k*h < c,,
we establish a conditional convergence result for the idealized phase-matched correc-
tion with exact ray-equation inversion. In the pollution-controlled regime k3h% = O(1),
the complete multigrid algorithm admits a strict O(N,) work bound. Numerical ex-
periments on structured square meshes, an L-shaped domain, and unstructured meshes
show that all completed cases reduce the relative algebraic error below 10~¢ within two
or three RECMG sweeps.
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Phase Transition from Random Features to Fully Trainable
Networks

i
BBUK SR S

Constructing accurate and computationally tractable approximation spaces is a fun-
damental task in scientific computing. Partially trainable neural networks bridge fixed
random features and fully adaptive representations. This paper quantifies a phase transi-
tion pattern in approximation bounds and observes analogous behavior in training errors:
a rapid but smooth initial improvement followed by diminishing returns, with a sharper
transition under greater initialization mismatch. Under polynomial spectral decay with
exponent ¢ > 1 and leverage compatibility, we establish a squared L, approximation
rate O ((x p log(m/8)/m)%) for two-layer networks of width m and trainable proportion
P, where xcp = (P/x} + (1 = P)/x§)~". The bound holds uniformly over the unit ball
of a reproducing kernel Hilbert space (RKHS) with probability at least 1 — §. The con-
stants «§ and x] quantify the fixed and trainable groups’ sampling mismatches relative
to the target RKHS. For spherical biased-ReLU features in dimension d, we verify these
assumptions with @ = (d +2)/(d — 1) and x§ = 4\/§r(a’ + 1) /d for initialization scale
T > 1,and x} = 1 under ridge leverage sampling. In particular, ford = 5and v = 10, a
trainable proportion of approximately 4.1% captures 90% of the reduction in the approx-
imation bound from P = Oto P = 1. A structured three-layer example further illustrates
how a few trainable first-layer neurons exploit fixed downstream blocks through non-
linear composition. Numerical experiments across diverse settings, including networks
with up to 15 layers, exhibit similar phase transitions in training errors.
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Prescribed-Basis Coefficient-to-Coefficient Neural Operator
for Partial Differential Equations

£ 9550
FHERHON

Operator learning provides a data-driven approach to approximating solution opera-
tors of partial differential equations, but its effectiveness depends strongly on how input
and output functions are represented. Point-value representations can make the trainable
map mesh-dependent and high-dimensional; snapshot-based POD/PCA reductions re-
quire aligned data and basis construction, while learned representations introduce ad-
ditional trainable encoders, decoders, or neural bases. We propose the Fixed-Basis
Coefficient-to-Coefficient Network (FB-C2CNet), which learns PDE solution maps in
fixed, data-independent approximation spaces using prescribed bases as function en-
coders and decoders. Input observations are encoded by regularized least-squares pro-
jection onto bases such as finite element, random-feature, or radial-basis-function bases.
A neural network maps the resulting input coefficients to output coefficients, and the
fixed decoder reconstructs the solution at arbitrary target locations. This separation
of basis selection from network training avoids neural basis learning and snapshot-
based basis extraction, reduces the dimension of the trainable map, and lowers train-
ing cost. With suitable prescribed bases, FB-C2CNet also accommodates scattered,
non-aligned, and sample-dependent observations. We analyze the stability—bias trade-
off of regularized coefficient encoding and the intrinsic projection error determined
by the output space. Experiments on elliptic, nonlinear time-dependent,weak-solution,
high-dimensional, and inverse Stokes boundary-recovery problems demonstrate com-
petitive accuracy with reduced trainable dimension and training cost, including for high-
resolution and irregularly sampled data.
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Two classes of fifth-order conservative Hermite WENQO
remapping methods for moving mesh solvers

5K AT fik
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We propose two classes of fifth-order remapping methods built on Hermite
weighted essentially non-oscillatory (HWENO) reconstruction. Remapping methods
are designed to conservatively interpolate the solution from one mesh onto a possibly
uncorrelated new one. Different classes of remapping methods have their respective ad-
vantages and disadvantages, and are suited to different application scenarios. We focus
on overlay-intersection-based methods and pseudo-time-PDE-based methods. The goal
of these works is to show that our remapping methods maintain high-order accuracy of
HWENO reconstruction while preserving some desired properties, such as robustness,
conservation, positivity, high resolution, and high efficiency. A series of numerical
results is given to verify the efficiency and effectiveness of the HWENO remapping
methods on 1D lined meshes and 2D quadrilateral meshes. Furthermore, we apply the
HWENO remapping methods to the fifth-order finite volume rezoning moving mesh
HWENO (RMM-HWENO) method for hyperbolic conservation laws. Numerical re-
sults of the compressible Euler equations are also presented to show the performance
of the HWENO remapping methods in the RMM-HWENO simulation.

MATEAN: KT, BITAFEEEL, AR FANTHEREAFZFHNER
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Large Time Behavior of Viscosity Solutions of Coupled
Hamilton-Jacobi Systems
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We propose novel monotone and high-order approximation schemes for solving
generic static weakly coupled Hamilton-Jacobi systems, and we further study the large
time behavior of the corresponding time-dependent coupled HJ systems to show that the
monotone scheme produces a convergent viscosity solution. Built upon the large-time
behavior of the time-dependent system, the method employs a Gauss-Seidel sweeping
strategy to integrate Lax-Friedrichs numerical Hamiltonians with high-order WENO
approximations. Theoretically, we prove that the monotone approximation scheme con-
verges to the viscosity solution of a class of convex HJ systems of nonlinearly coupled
Hamiltonians equipped with the Dirichlet boundary condition. Numerically, we verify
that the numerical solution produced by the monotone approximation scheme converges
to the viscosity solution with first-order accuracy, and we further demonstrate the ac-
curacy and robustness of the proposed high-order approximation schemes in handling
more challenging scenarios, such as obstacle problems and large-deviation models.
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